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Abstract 

In the light of recent debates within medical education concerning the shortcomings of the 
psychometric model, there is a need to prepare the way for better practise among the medical 
education community in the choice of reliability estimates for test scores. In this paper, therefore, I 
seek to achieve four main objectives: (1) to draw attention to the potential of Tarkkonen’s rho and 
Raykov’s reliability estimate to serve as alternative reliability estimates to Cronbach’s alpha, 
including when considering multidimensional test scores; (2) to highlight the range of 
measurement conditions and experimental designs under which Cronbach’s alpha is likely to 
show considerable negative or indeed, positive bias; (3) to explain the dangers of such bias and 
(4) to argue for the practise of testing compatibility of scores with measurement model properties 
prior to choosing reliability estimates so as to safeguard against such bias. In so doing, I shall 
highlight the need for strengthening collaborations between clinicians and measurement theorists 
or specialist statisticians in order to make such procedures more practicable and lend greater 
credibility to the psychometric model. 

Classical Test Theory and the Recognition of Latent Constructs 

Within classical test theory, the candidate’s true score may be 
conceptualized as the average of the observed scores for that candidate over 
infinitely many independent administrations of the same test under the same 
conditions [5]. For a test involving a battery of items, the classical model 
assumes that the total score or weighted total score, x, of observed scores over 
these items can be expressed as a random variable over a population of 
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examinees in the form 

,etx +=  (1) 

where t and e are random variables ranging over the corresponding unobserved 
true and measurement error scores, respectively. Under the classical model, 
for any given examinee, ‘x’ and ‘e’ are understood to vary randomly but t is 
fixed. Additionally, it is assumed that the expected measurement error score 
is zero and that there is zero correlation: (a) between the true score and 
corresponding measurement error score for each item, (b) between error 
scores for different items and (c) between the true score for each item and the 
measurement error score for any other item [19]. 

For any reliability estimate, the equation for the relationship between 
the observed and true scores together with the assumptions for the parameters 
involved in this relationship define the measurement model for that estimate. 
The classical measurement model includes equation (1) and the corresponding 
assumptions specified above. It is in turn an implicit assumption of this model 
that the measurement scale involved and the individual items reflect the 
same latent trait (or, latent construct). 

Based on Spearman’s early contributions to classical test theory, [29, 30] 
the reliability, ρ, of test scores is defined mathematically in terms of the true 
score variances and random measurement error variances, 2

tσ  and ,2
eσ  of 

these scores as 

,22

2

et

t
σ+σ

σ
=ρ  (2) 

where the denominator is the observed score variance, ,2
xσ  expressed in terms 

of its individual components. Based on this general formula, reliability 
quantifies the degree of absence of random measurement error from the 
observed scores and as such, the reproducibility of these scores on repetition 
of the assessment procedure, were it possible to have a successful wash-out 
period for the raters between successive test administrations. 

As will be discussed more fully later, in the assessment of medical students, 
it should not be taken for granted that the assumptions of the classical model 
are met. Nevertheless, since it is clear that the notion of latent trait is itself of 
relevance, it is important to consider the implications of the violation of these 
assumptions for reliability estimation. 
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Within Medicine, the instruments which are designed most explicitly to 
represent one or more latent traits in the absence of nagging concerns about 
case specificity include cognitive and behavioural entrance exams, such as the 
BioMedical Admissions Test, BMAT, in the UK [9], the UK Clinical Aptitude 
Test, UKCAT [34], the Medical College Admissions Test, MCAT, in North 
America [20], the Graduate Australian Medical School Admission Test, 
GAMSAT, in Australia and the UK [12] and the Undergraduate Medicine and 
Admissions Test, UMAT, in Australia and New Zealand [21]. The value of 
such measures in improving test efficiency and widening participation is 
recognized [22]. 

Additionally, given the emphasis placed on improving existing 
undergraduate medical student admissions procedures, enhancing doctor-
patient relations and monitoring the well-being of medical students in training, 
the measurement of skills or attributes pertaining to specific professional 
latent traits are becoming of increasing relevance in medical education settings. 
Recent examples which have been explored in the light of these needs include 
estimation of emotional intelligence using instruments such as the Meyer-
Salovey-Caruso Emotional Intelligence Test (MSCEIT) and the Wong and 
Law Emotional Intelligence Scale (WLEIS) [1, 2], assessment of health-related 
quality of life [23] and the development of a preliminary version of the 
Medical Student Well-Being Index (MSWBI) for use with undergraduate 
medical students [8]. 

Some Fundamental but Lesser Known Facts about Cronbach’s Alpha 

It is helpful to note that even at the initial stages of quality control in the 
design of assessments, reliability has an important role to play. The 
approximation to reliability most frequently assumed within this context and 
which pervades the medical education literature more generally is that of 
Cronbach’s alpha, α. This measure is more precisely an estimate of internal 
consistency (ranging on a continuous scale from 0: no consistency to 1: perfect 
consistency) for itemized tests and was presented by Cronbach in its general 
form in 1951. [4] The idea is to measure how consistently the items are 
related to their unweighted sum in terms of the average correlation between 
these items and their total. Contrary to what is commonly assumed, that is 
not to say that α should be interpreted as a measure of unidimensionality. 
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Taking unidimensionality to mean latent unidimensionality [32], for 
,1>n  the scores pertaining to a collection of n test items may be defined as 

unidimensional if and only if they fit a model with at most one common 
factor, which is understood as an indicator for a single latent trait. In terms 
of a factor analysis, high factor loadings on multiple factors can give rise to 
high values of α without the need for the first factor loading to be dominant 
[17]. Τhus, unidimensionality is a sufficient but not a necessary condition for 
strong internal consistency [11, 17]. Furthermore, it was not intended by 
Cronbach that the applicability of α should rest on the assumption of 
unidimensionality. As will be seen later, however, absence of unidimensionality 
can lead to inaccuracies in α as an approximation to reliability. Moreover, 
unidimensionality is often too strict a requirement for test scores encountered 
in practise [35]. In fact, it can be shown explicitly through factor analysis 
that it is theoretically impossible for test scores to satisfy the condition of 
unidimensionality (in the sense defined here) when the number of items 
exceeds 3 [32]. 

Where the level of internal consistency in the above sense is unsatisfactory 
for an assessment in Medicine – typically less than 0.80, or in high stakes 
settings, less than 0.90 – an alpha-if-deleted approach is often used at the early 
stages of test design. As is well known, this involves consideration of the 
change in value of α on removal of individual items, with a view to improving 
reliability. The decision is then often made to remove the offending items if 
their retention forces α below a critical value (often 0.30) or to include more 
such items. In other cases, where α is higher, an attempt is made to improve 
test reliability by adding similar items to the offending one, thus increasing 
the test length. The feasibility of the latter choice in particular is to some 
extent determined by anticipated administrative costs in terms of test length 
and use of resources. Moreover, the lower the initial reliability the greater the 
extent to which test length must be increased to arrive at an acceptable level 
of reliability [17]. 

Apart from the immediate threat to validity, there are several limitations 
to these practises, however, which medical assessors ought to take into 
consideration very carefully, particularly in terms of ensuring that α is fit for 
purpose. To set the scene, it would be useful to note that while over the past 
50 years α has by far proven to be the most popular estimate of reliability [36], 
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it has frequently been shown to underestimate reliability and even to provide 
negative and hence, given that reliability is a ratio of variances, non-sensical 
values. Although in some cases negative α values can be a useful means of 
diagnosing items for which scores require to be reversed, in other cases the 
investigator can be left understandably perplexed as to the appropriate 
interpretation of this anomaly. 

A measurement model for α can be defined in terms of the assumptions of an 
essential tau-equivalence model, which includes those of the classical model 
together with the following ones for a set of n items ( ) :1>n  

(1) all true scores iτ  are equal across items up to an additive constant 
defined uniquely for each item pair 

and 

(2) all variances for observed item scores are equal, so that that ipso facto 
all item covariances for observed scores for pairs of items are equal to one 
another and to these variances and all error score variances are equal across 
items [13]. 

Formally, property (1) of essential tau-equivalence can be defined as follows: 

{ } ( ( ) ( )).0and,,,,2,1, =⇒=+τ=τ∈∃∈∀ ijijjiij kjikknji R…  (3) 

For later reference in this work, it is also helpful to note that an essential 
tau-equivalence model is in turn a special case of a congeneric model. In the 
latter case, property (1) is replaced by the following more general one: 

(1′) all true scores iτ  are precisely a linear combination of one another, 
with the corresponding multiplicative and additive constant defined uniquely 
for each item pair, which may be expressed formally as: 

{ } ( ( )ijjijiij kmknji +τ=τ∈∃∈∀ ,,,,2,1, R…  

and ( ( ))).1and0 ==⇒= ijij mkji  (4) 

For a given set of n items for measuring observed scores, properties (1) and 
(1′) allow for the possibility that the true scores corresponding to these items 
are non-identical up to an additive constant and up to a multiplicative and 
additive constant, respectively. Thus, even where the true scores for all items 
are intended to represent the same latent trait, under the conditions of 
congenericity and essential tau-equivalence they need not do so equally well. 
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The importance of essential tau-equivalence does not lie merely in the 
fact that it is a special case of congenericity. More specifically, essential tau-
equivalence constitutes the necessary and sufficient condition for α to be 
equal to composite reliability (in the sense of equation (2) applied to the 
unweighted sum of a test’s true item scores), provided the conditions of the 
classical model are met [19]. While the recognition of the latter result dates 
back to the 1960s, it is not readily acknowledged in the medical education 
literature and as a result, the notion of essential tau-equivalence itself is 
mistakenly thought of as too esoteric for the medical education community. 
This is not too surprising, however, when one observes that the requirement 
of essential tau-equivalence is also absent from Cronbach’s early definition of α 
and indeed, from modern day texts on psychometrics for non-specialists which 
have gained popularity through their accessibility. Cronbach’s apparent 
leniency in this respect is grounded in his desire to generate a more versatile 
and generalized reliability estimate than the original Kuder-Richardson 
formula 20 used exclusively for estimating reliability with binary item data 
[31, 36]. Nevertheless, there is a price to pay. In particular, if all error 
covariances are zero (in keeping with the classical model) violation of the 
homogeneity of variances requirement assumed under the essential tau-
equivalence model has the effect that α underestimates reliability, with the 
associated bias in α increasing with decreasing number of items [13]. 

The tendency for α to underestimate reliability is well known. However, 
the measurement conditions for this property to hold without exception are 
not. This is particularly true of the condition that measurements errors are 
uncorrelated. In particular, it is not widely appreciated that where the 
correlations between errors are positive and this problem is more severe than 
that of violation of homogeneity of variances, α may overestimate reliability 
[14, 17, 26]. Over-estimation of reliability arises as positive error correlations 
supplement existing item correlations which, through consideration of the 
formula for α from first principles [33], can be seen to increase the variance of 
the item sum and in turn the value of α itself [18]. 

Researchers and practitioners in medical education need to be made 
aware of the impact of positive error correlations on α. In particular, it is 
important to recognize that where positive error correlations are likely and 
the value of α is deemed to be moderate ( ,60.0-50.0  say), the reliability of the 
given scores may be more problematic than first meets the eye. Through 
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appreciating that α could be overestimating reliability there is less scope for 
overlooking the extent of the need for improvements in test design to enhance 
the reliability of assessment data. 

Correlated measurement errors can arise between two or more items 
from the same scale due to the existence of a time-dependent component 
amongst item true scores, whereby scores on later items are influenced by 
scores on previous items [4, 14]. For example, in the cases of speeded multiple 
choice tests, if the candidate runs out of time, scores on the remaining questions 
are likely to be positively correlated [14]. In these particular cases, the mismatch 
between internal consistency and reliability is likely to be particularly 
pronounced unless such positive error correlations are counterbalanced by 
the influence of negative correlations such as those which might occur where 
time spent on one item is inversely related to time spent on subsequent items 
[27]. Similar observations apply in the use of self-report inventories such as 
the WLEIS and the Short-Form Health Survey (SF-36) for measuring health-
related quality of life (HRQoL) [23], where the above relations may arise 
through acquiescence bias. 

With regards to the general problem of positive error correlation, it is 
interesting to note that Rozeboom would go as far as to say that “it is 
unreasonable to expect that the measurement-error components of the 
individual items on a compound test administered on a single setting will be 
uncorrelated” [27]. Without an appropriate adjustment being made, the level 
of true variance is exaggerated with the effect that true reliability is inflated. 

Multidimensionality 

Within a given measurement model, positive error correlation can also 
arise (a) across sets of items, representative of multiple constructs and (b) 
where there are one or more common factors across several items which do 
not, strictly speaking, belong to the constructs of interest. Strictly speaking 
each of these cases is a special case of multidimensionality, where a factor 
which is integral to the test design introduces an additional dimension which 
needs to be accounted for. 

Under case (a), above, multidimensional scores may arise from there being 
multiple constructs within a given test item set (or, composite), where these 
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are meant to serve as indicators for the same principal latent construct. In 
this case, multidimensionality arises from different items assessing different 
domains and as a consequence of the above latent trait being comprised of 
multiple latent traits. In this sense the principal latent trait may be referred 
to as a composite or more specifically, second-order, latent trait. Also, different 
items may assess different skills when, for example, only the harder questions 
are found to measure problem solving skills. Alternatively, items may have 
been intentionally selected so that each item measures only one dimension, 
with this dimension being unique for each item or more usually, for subsets 
of items, and each subtotal being combined to form a single scale. The design 
of structured application forms for graduate entry to postgraduate medical 
training can serve as one such example. A recently reported case involves the 
selection of items to target the “domains” empathy, integrity and ability to 
cope under pressure, with the reliability of the resultant composite scores 
being assumed “satisfactory” on the basis of the α value of 0.78 [24]. Likewise, 
undergraduate entry examinations typically include separate sections 
representative of individual skills or attributes. For example, in the case of the 
UMAT, three subscales (UMAT 1-3) are identified to measure logical reasoning 
and problem solving skills, interaction skills or understanding people and 
non-verbal reasoning individually and the scores from these subscales are in 
turn combined to form a UMAT total score representative of aptitude for 
medical study. Similarly, in the case of the BMAT, a total score for the latter 
construct is derived from combining scores for measuring problem solving, 
argument comprehension, data and graphical interpretation, and inferential 
skills (Section 1), scientific knowledge and applications (Section 2), and written 
communication and clarity skills (Section 3). Likewise, an overall score is also 
derived for the GAMSAT [12], MCAT [9] and for each of the behavioural and 
cognitive components of the UKCAT [34]. 

Further examples of multidimensional composite scores include those 
forthcoming from (a) the MSCEIT, where perceiving emotions, understanding 
emotions, facilitation of thought and managing emotions are recognized as 
separate constructs and corresponding subscores are also combined to generate 
an overall emotional intelligence score and (b) the WLEIS, where the separate 
constructs are self-emotional appraisal, others’ emotional appraisal, self-
regulation of emotion and use of emotion to facilitate performance [1]. 
Additionally, the SF-36 is used to generate a physical component score and a 
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mental component score, each of which is derived as a composite of several 
individual scores pertaining to different domains for quality of life [23]. Also, 
there is scope for investigating the appropriateness of combining scores for the 
separate domains burnout-emotional exhaustion, burnout-depersonalization, 
depression, fatigue, stress, quality of life-mental and quality of life-physical as 
they are currently defined within the MSWBI together with the recent 
application of α in assessing the reliability of the MSWBI composite scores. 

The underlying existence of more than one latent trait may also give rise 
to multidimensionality more serendipitously than is suggested in the above 
examples. A useful illustration can be found with reference to the method 
factors which have been recognized during the design of psychological or job 
performance rating scales [37]. Here, the same scale for measuring different 
traits, such as work effort or work performance, may involve a methodological 
feature which contributes to the variability in the observed scores for each of 
these traits. 

Within the context of assessment in medical education, method factors 
might arise through the use of online assessment, particularly where level of 
technological skills is variable across a student cohort, a phenomenon which 
is more evident in early years and is influenced by background culture [16]. 
Differences in levels of motivation towards engaging with a particular 
assessment method such as self-appraisal may also provide the basis for testing 
for a method factor. 

Similar cases occur where the style of vocabulary assumed within a written 
assessment gives rise to a method factor, with English language skills being 
tested over and above the objectives of the assessment [3]. For undergraduate 
medical courses, this problem is particularly relevant in the case of cognitive 
entrance exams, where, for example, international applicants may experience 
a language barrier when attempting MCQs with subject-specific terminology. 
Likewise, negatively worded items may be included in an MCQ assessment with 
a view to reducing acquiescence bias. However, based on a lack of conceptual 
transparency of the stems, a method factor may result which is primarily 
associated with these items, thus augmenting their capacity to improve score 
validity. 

The existence of multiple constructs can also reduce the sum of the inter-
item correlations within the measurement model. This may in turn attenuate 
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the value of α to a greater extent than is normally the case at the unidimensional 
level. Nevertheless, common construct-independent factors such as the method 
factors highlighted earlier can occur across similar items for different traits, 
as well as items for the same trait. For such cases, when the correlations 
between measurement errors exceed a certain threshold [26] the overall effect 
is that α over-estimates reliability, thus over-riding the above attenuation 
effect. 

Wherever positive error correlations arise from common factors, and true 
variance is to be recognized purely as construct-specific variance, the additional 
variance which arises from such factors may need to be modelled as error 
variance rather than true score variance in order to avoid over-estimation of 
reliability. In such cases, the random error variation of the classical model is 
being extended to allow for the presence of systematic error as a further 
source of discrepancy between the true and observed values of the measurement 
scale. Structural equation modelling (SEqM) techniques can be usefully 
employed to measure the importance of a suspected method factor in 
explaining variation in scores [37] and hence of the assessment methodology 
in discriminating between students according to performance. It is important 
to tease out such factors as a means of identifying the underlying factor 
structure of test scores so as to avoid these factors being subsumed within a 
given reliability estimate as additional attributes of a measured construct and 
also, so as to identify potential sources of contamination of this estimate [3]. 
By following this practise, the researcher is alerted to the fact that even in 
the presence of multiple latent traits, α may be over-estimating reliability. 

Cronbach’s alpha revisited – what can medical educationalists learn 
from measurement theory? 

Of course, in and of itself, awareness of conditions for tendencies to under- 
or over-estimate reliability does not compensate for lingering uncertainty 
concerning a more plausible alternative to α when these conditions occur. 

The reader should note, therefore, that under specific conditions (see later), 
α may be understood as one of a family of reliability coefficients classifiable 
under a more general reliability coefficient referred to as Tarkkonen’s rho [35]. 
The derivation of this statistic, together with more comprehensive details of 
the assumptions of the underlying measurement model may be found in the 
relevant literature [31, 36]. However, it is important to note here that in its 
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more general form, this statistic does not carry the requirement that items 
have homescedacity of variance. It is also able to accommodate assessment 
designs based on multidimensional models with zero error correlations, while 
ensuring that the quality of having multiple latent traits based on distinct 
attributes does not lead to attenuation of estimated reliability. 

This feature of Tarkkonen’s rho is of particular interest, as within medical 
education assessment, the assumption of unidimensionality with regards to 
individual itemized assessments is becoming increasingly untenable. In a 
context where there is a drive to assess various domains of competence in an 
integrated way [10], the existence of multidimensionality is becoming more 
inevitable. However, in many instances it may go undetected in the absence 
of a careful scrutiny of the underlying measurement model through factor 
analysis or SEqM as a means of ascertaining the number of common factors 
which can account for inter-item correlations. For example, it is possible for 
item test scores to fit a multidimensional model, where, given the intention of 
reflecting at most one recognized latent trait, multidimensionality was 
neither intended nor even suspected at the initial stages of test design. 

By their very nature, multidimensional assessments constitute one context 
where the requirement of homescedacity of observed variances is violated. 
Where different traits are being measured by the same test, even the weaker 
property of essential tau-equivalence will be compromised. There is therefore 
a need to use a reliability coefficient for such tests which has less stringent 
conditions than α, and Tarkkonen’s rho is able to accommodate this need 
under a range of measurement conditions. 

Under the measurement model for Tarkkonen’s rho, the classical 
equation (1) in scalar form, above is replaced by the following one in matrix 
form: 

,etBx ++= µ  (5) 

where for k true scores representing a k-dimensional test construct, t is the 
k-dimensional vector of true scores, ex,  and µ  are the p-dimensional vectors 

for the corresponding observed item scores and measurement errors, and for 
the expectations of the true scores, respectively, while B is a -kp × dimensional 

matrix of real numbers ( )kp >  [31]. 
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The measurement model for this statistic is as such a factor analytic 
model which in principle accommodates cases where there may or may not be 
correlation between error scores and between true scores across different 
constructs. However, to eliminate complexities in parameter estimation, errors 
are assumed to be uncorrelated and true scores are assumed to be standardized 
and uncorrelated. This ensures that (5) conforms to an orthogonal factor 
analytic model and the elements of matrix B can be conveniently chosen so as 
to maximize reliability based on factor loadings or according to alternative 
criteria, possibly based on optimizing validity [31]. The multivariate scales 
involved here are defined as weighted or unweighted multidimensional item 
sums. Tarkkonen’s rho is a diagonal reliability matrix of order ( )1≥qq  for 
the q multivariate scores derived from these sums. The classical equation (1) 
is therefore a special case of (5) in which 1=k  and observed scores for 
individual items are defined in terms of the true scores in scalar rather than 
vector form. 

The condition kp >  assumes that there are always more items than 
measured constructs. The factor analytic approach required in defining the 
paramaterization of Tarkkonen’s rho under the assumption of zero score and 
error correlations may reveal that in order to maximize reliability, items 
ought to be differentially weighted when obtaining test ratings for individual 
scales, [31] thus informing the scale design process. The resultant findings 
can be implemented by an appropriate choice of elements for matrix B. 

The diagonal entries for Tarkkonen’s rho are always strictly greater than 
zero and at most 1, thus eliminating the problem of spurious negative values 
which is known to occur with α. If for unidimensional scores in an itemized 
test, the scale is the unweighted sum of the item scores, Tarkkonen’s rho is 
reducible to α if and only if the assumptions of the classical model and the 
requirement of essential tau-equivalence are met; otherwise, Tarkkonen’s rho 
exceeds α. Consequently, in choosing a suitable reliability statistic, in cases 
where error correlations are zero or relatively low, it is a more valid approach 
to commence with Tarkkonen’s rho, thus ensuring that whatever the properties 
of the measurement model, the reliability values which are generated lie 
within the limits of a meaningful proportion. Here, the proportion of interest 
is the proportion of variance in measurements which is purely due to variation 
between examinees relative to the construct(s) being measured. In the absence 
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of anomalies in the design of the underlying measurement model, it is 
impossible to justify why this proportion should be negative. It is equally 
undesirable that sources of increased attenuation of reliability estimates 
should go undetected, as can be the case where there is heteroscedacity of 
item observed variances in the presence of zero error correlations and α has 
been used in place of Tarkkonen’s rho for a multidimensional scale. Tarkkonen’s 
rho is always greater than α under such circumstances and is in this sense 
designed to protect specifically against the negative measurement bias inherent 
in α. 

Furthermore, the measurement requirements for Tarkkonen’s rho are 
less restrictive than stratified alpha. The latter reliability estimate, which 
acquired its name from Cronbach and colleagues, [6] is also suitable for 
multi-dimensional constructs but should only be applied where the individual 
items within any one construct meet the requirements of α. Thus, Tarkkonen’s 
rho ought to be seriously considered in avoiding the very real danger of 
assessments being needlessly redesigned. This is true in relation to the 
alpha-if-deleted approach and through the addition of items similar to pre-
existing ones, on the basis of negative bias resulting from the wrong choice of 
statistic. Contrary to what one might deduce from other writings, in finding 
an alternative to the alpha-if-deleted approach as a means of preserving test 
validity it is not universally true that “the correct conclusion in such a case 
would be more of such items must be included in the tests rather than fewer” 
[28]. Furthermore, it is not solely a belief in latent constructs which explains 
the tendency to adopt the alpha-if-deleted approach, as in recognizing test 
constructs as purely heuristic entities, we might still succumb to the same 
temptation. Rather, it is necessary to return to the foundational validity 
question of what is actually being measured (as opposed to what we might 
think is being measured), and an essential part of this is to assess the 
dimensionality of the measurement model underlying the test scores. If need 
be, the test should be redesigned on the basis of the findings of an exploratory 
factor analysis or alternatively, Tarkkonen’s rho may be used to separate out 
individual test constructs. Either way, the more profitable goal is surely to 
ensure that reliability and hence validity (as a function of reliability) are being 
estimated more accurately rather than to become entangled in debates over 
the ontology of constructs. 
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The possibility in medical education of accommodating multiple traits in 
the design of assessments while maintaining belief in the existence of latent 
traits has recently been highlighted. For example, citing screening, diagnosis 
and problem-solving as illustrations of latent traits in the assessment of 
student learning, Crossley recommends that, 

“Where a test is expected to measure a variety of constructs then a single-
factor profile should not be expected. This becomes an increasing certainty as 
more complex and integrated aspects of performance are assessed” [7]. 

Here, however, by appeal to Tarkkonen’s rho, a concrete suggestion is 
offered from the field of measurement theory which may help to ensure that 
the reliability of scores from instruments similar to those specified in this 
paper can be estimated more accurately, where multidimensionality has been 
established. 

Computer packages with suitable programming environments for defining 
and calculating Tarkkonen’s rho include R and Survo (Vehkalahti, personal 
correspondence). Moreover, useful applications of Tarkkonen’s rho, including 
required syntax for Survo commands and corresponding Survo output are 
provided in the literature [35]. 

There are instances, however, where it is not convenient to use Tarkkonen’s 
rho as an alternative to α in the presence of multidimensionality. As was 
explained in some detail earlier, there are a variety of scenarios in which α 
may overestimate reliability in the presence of multidimensionality on account 
of the effect of positive error correlation. Due to the natural tendency for 
positive error correlations to arise in composite tests, they ought to be tested 
for using confirmatory factor analysis [15] prior to the identification of suitable 
reliability estimates. Regrettably, however, the problem of positive error 
correlations is not explicitly addressed in the current literature on the 
application of Tarkkonen’s rho, since the measurement conditions that 
Tarkkonen et al. recommend for the use of this reliability estimate in practise 
[31, 36] involve zero error correlations. Since the value of the individual 
elements of Tarkkonen’s rho exceed that of α for a multidimensional model, 
these elements will also over-estimate reliability where error correlations are 
sufficiently high. 
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While it should be emphasized that there is a popular school of thought 
that advocates the principle of interpreting systematic error variance as true 
score variance, the strategy of treating method variance in this way does little 
to help validity if we wish true score variation to be based purely on prescribed 
latent constructs. Further work requires to be done in order to address this 
issue and determine an effective procedure for obtaining a correction factor. 
In the case of Tarkkonen’s rho this requires a more generalized approach to 
multivariate models whereby method factors are filtered out to appear as 
non-diagonal elements of the reliability matrix. 

Under restricted measurement conditions, however, correction for bias in  
the above sense has already been carried out as an integral step in the 
derivation of an alternative substitute for α in the form of Raykov’s estimate 
for composite reliability (referred to henceforth as Raykov’s estimate)1. 
Raykov’s estimate, which is expressed as a single scalar, is a bias-corrected 
version of α designed to address the problems of positive and negative bias in 
the estimation of composite reliability for multicomponent tests. For such 
tests, individual components are understood to contribute to a composite 
measure involving multiple constructs. The composite measure may itself be 
thought of as representative of a single latent trait (aptitude for medical 
study, say) which is hierarchical in the sense that it consists of component 
latent traits, each of which is itself represented by a congeneric measure [26]. 

In turn, composite reliability is presented in terms of the reliability of the 
unweighted sum of item scores defined according to equation (1), above [25]. 
The general paramaterization of the resultant term for composite reliability 
and hence, the bias-correction term which ought to be applied to α, can be 
derived by examining the latent structure of an item or item set using an SEqM 
approach. This can be accomplished using the SEqM packages LISREL and 
EQS with the help of input files provided by Raykov [25] or through the use 
of alternative software systems such as Amos [13] or the statistical modelling 
program MPlus (Raykov, personal correspondence). Confirmatory factor 
analysis should then be used to verify the structure of the corresponding model. 

                                                      
1 Raykov’s estimate of composite reliability has been referred to in a number of places as 

Raykov’s rho. In Raykov’s opinion (personal correspondence) this is a misnomer, in that ‘rho’ is 
the term which has traditionally been used to refer to Spearman’s rank correlation coefficient. 
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Raykov’s estimate, like Tarkkonen’s rho, carries the assumption based on 
classical test theory that the test scores to be considered have been derived 
from only a single administration of the test within the constraints of a fixed 
test procedure. However, where one or more error covariances are non-zero [26], 
Raykov’s estimate may also serve as a useful alternative to α as an estimate 
of composite reliability, under the recognition that α may overestimate 
reliability. 

Raykov’s estimate is designed to explicitly and conveniently correct for 
positive bias in α due to the presence of positive error correlations, a feature 
which is currently lacking in the published work on Tarkkonen’s rho. Further, 
Raykov’s estimate distinguishes between true score variance and variance 
due to the presence of a method factor, recognizing the latter as error variance. 
Thus, the choice between these two measures, may rest to some extent on the 
individual’s philosophical stance on what constitutes true variance. This is 
the case provided that (a) all error covariances are equal and (b) individual 
constructs may be meaningfully combined in obtaining an overall score. In 
other circumstances, a matrix approach involving individualized reliability 
estimates for separate test constructs may prove more suitable, in which case 
Tarkkonen’s rho may be the preferred choice. 

The usefulness of these measures in addressing the problems of bias has 
been explored in the literature. For example, based on Monte Carlo methods 
applied to empirical test data, Vehkalahti [35] has shown that where the 
model-theoretic assumptions for α are violated, α is less robust to sampling 
error than Tarkkonen’s rho. Of greater relevance here, the same study has 
revealed that based on sample estimates, α has fallen below Tarkkonen’s 
rho for factor images and unweighted sums by values in the range of about 
10-40%. This confirms that where a fixed cut-off point, such as 90%, has been 
pre-determined for deciding adequate reliability in a compound test, there is 
potential for unnecessary work aimed at improving reliability through choice 
of the wrong reliability estimate and that popular attempts to circumvent this 
through calculation of α for subscales may not wholly resolve the problem of 
poor estimation of reliability. 

Raykov has demonstrated that for latent constructs defined as composites 
of separate, but possibly interrelated, constructs, where these constructs are 
themselves represented by sets of congeneric measures, the positive error 
bias (β) in α as an estimate of composite reliability increases with increasing 
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positive error covariance (θ) [26]. While for the illustration he provides, 
comprising a composite of two constructs, the values for β are not particularly 
high, with a maximum of 0.08 at ,50.0=θ  recognition of the phenomenon of 
positive bias is critical in protecting against overstating the reliability of 
measures forthcoming from a test instrument, particularly given the 
reputation of α as a lower bound for reliability. For compound tests with 
congeneric components and uncorrelated errors, Raykov has also shown in 
the case of Type I sampling that where the requirement of essential tau-
equivalence is violated for at least one item, α is particularly sensitive to 
sampling error relative to population composite reliability [25] and that the 
discrepancy tends to increase with diminishing test length and degree of 
violation of essential tau-equivalence, leading to slippages in excess of 30%. 
Moreover, he illustrates how the application of the alpha-if-deleted approach 
can lead to the dismissal of the very item that is needed to optimize true 
reliability! 

In the light of these findings, within the medical education arena, there is 
considerable scope for exploring the utility of Tarkkonen’s rho and Raykov’s 
estimate further with the types of test instruments highlighted in this paper. 
Based on existing empirical data, Monte Carlo or bootstrapping methodologies 
could be used to investigate discrepancies between α and where appropriate, 
Tarkkonen’s rho and Raykov’s estimate over a wide range of measurement 
parameters. 

Reliance on SEqM or maximum likelihood estimation and hence asymptotic 
methods for parameter estimation, means that Tarkkonen’s rho and Raykov’s 
estimate are best used with large samples [25, 35]. For example, Vehkalahti 
estimates that at least 100 observations would usually be required for 
Tarkkonen’s rho to serve as an unbiased estimate of reliability [35]. Thus, 
optimistically speaking, it would normally be inadvisable to use these statistics 
in estimating reliability of scores for resit exams. 

In considering the application of the above statistics, it is also good 
practise to compare the goodness-of-fit of the available score data under the 
assumption of alternative measurement model properties, including essential 
tau-equivalence. A lack of significant difference may be used to confirm, for 
example, that essential tau-equivalence holds and that the more parsimonious 
choice of calculating α is acceptable for the score data under consideration. 
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The interested reader can find details of goodness-of-fit approaches to the 
correct choice of reliability estimate in the relevant literature [13]. 

Also, it should not be forgotten that in contradistinction to Tarkkonen’s rho, 
Raykov’s estimate is only valid where it is meaningful and sound to combine 
scores rather than to keep these scores strictly separate. It is therefore 
advisable to carefully use SEqM prior to estimating reliability in order to verify 
the composition of principal latent constructs and to complement the findings 
with educator perspectives on what skills or attributes a single instrument 
ought to encapsulate. A more informed decision can then be made as to whether 
a composite scale for the test items would be genuinely useful [26]. 

More generally, however, an appreciation of the appropriateness of using 
Tarkkonen’s rho and Raykov’s estimate rather than α to estimate reliability 
under carefully verified measurement conditions is clearly important and 
invites future research with assessment data in medical education. For 
instruments of the type highlighted in the current paper, it would be an 
instructive exercise to further investigate the internal structures of the 
corresponding scores and subscores more closely, particularly in relation to 
the existence of positive error correlation, violation of essential tau-equivalence 
and goodness-of-fit of competing measurement models. Where appropriate, 
results obtained using α could in turn be compared with those forthcoming 
from Tarkkonen’s rho or Raykov’s estimate. 

Conclusions 

There is sufficient flexibility across measurement models for existing 
reliability coefficients to ensure that for a variety of alternative assessment 
settings, multidimensionality can be preserved without the enforced 
homogenization of assessment items. Nevertheless, more work requires to be 
done to enhance the versatility of Tarkkonen’s rho by accommodating the case 
where there is substantial positive error correlation for a given measurement 
model and α is therefore likely to over-estimate reliability. 

Clearly, the sophisticated statistical procedures involved in identifying 
measurement model characteristics and parameterizations of more valid 
alternatives to α require specialist skills and expertise which go well beyond 
those required to learn the nuts and bolts of score reliability. There is therefore 
a call for stronger collaborations between clinicians and measurement theorists 
or specialist statisticians who are not only familiar with ongoing developments 



MOVING BEYOND THE NUTS AND BOLTS OF SCORE … 

Advances and Applications in Statistical Sciences, Volume 6, Issue 7, October 2011 

661

in measurement theory, but also, have the pre-requisite mathematical training 
to test measurement model assumptions before deciding on the optimal choice 
of reliability estimate. Moreover, medical educators and funding bodies need 
to recognize and respond to this call. 

Such developments may serve the medical education community well in 
extending the available repertoire of reliability estimates to choose from and 
challenging established but outdated practise in the use of α. Hopefully, this 
will have the add-on effect of reviving the status of reliability estimates as 
reputable evaluation tools for contemporary styles of assessment in medical 
education involving the measurement of specific traits. Furthermore, editors 
of journals might wish to advise against the current licentious use of α as an 
estimate of the reliability of measurement scores representative of current 
test constructs in medical education, where it is likely that the underlying 
measurement model is multi-dimensional. It is also important to note that 
where the intention is to combine multiple constructs to obtain a final score, 
the common practise of evaluating separate values of α for each construct does 
not address reliability concerns with respect to the total score, and Tarkkonen’s 
rho may be a more appropriate option. 

Applications within medicine for the use of reliability estimates based on 
multidimensional measurements models are not confined to educational 
assessment and these should also be considered. For example, in the 
development of health measurement scales, the internal structures of 
questionnaires, sub-scales, inventories and self-reports [26], such as those 
involving attitude, depression or personality scales [15], are worthy of closer 
examination in the light of the existence of more plausible coefficients than α 
for measuring the reliability of multidimensional scores. 
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